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Abstract

This article studies the projections of complex hyperplanes in the real space of C". In particular, it proves
a theorem stating that for any m < n dimensional real plane taken from the space R" c C", there exists a
unique m-dimensional complex plane that contains it.
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Introduction complex hyperplanes, through their subharmonic
properties, has become one of the leading research
directions. This, in turn, raises the problem
of studying the relationship between complex
hyperplanes and real planes. The results obtained
in this paper, namely the study of the projections of
complex hyperplanes in real space, play a significant
role in solving such problems.

It is known that functions possessing subharmonic
properties on the sections of m-dimensional planes
in an n-dimensional real space are among the
important objects of modern geometry in R". In
this direction, significant results have been obtained
in the works of R. Harvey and B. Lawson [4—
9], B. Drnovsek, B. D. Forstnerich [3], as well
as other mathematicians. These papers consider
a class of functions that are subharmonic on p-
dimensional real planes in the Euclidean space R".
This class of functions is called p-plurisubharmonic  Research Methodology
functions, which were later successfully applied in p-

convex geometry to describe the p-convex hulls of

geometric objects.

In recent years, studying such a class of functions ~ m-dimensional hyperplanes in R" (see [2]). The
in C", in the complex space on m-dimensional = m hyperplanes are represented by the following

Compiled on: November 3, 2025.
Copyright:©2025 by the authors. Submitted to International Journal of Science and Technology for possible open access
publication under the terms and conditions of the Creative Commons Attribution (CC BY) 4.0 license.

31


https://doi.org/10.70728/tech.v02.i14.007
https://creativecommons.org/licenses/by/4.0/?ref=chooser-v1

32 |

equations:

a11X1 + A1pXp + - -+ + ApXn = P,

Q21X1 + dxpXp + -+ + dapXn = B2,

(1)
AmiX1 + AmaXo + --- + AmnXn = Pm.

Here x4,X,,...,Xn are the coordinates of a point
in R", a; € R" are the coefficients representing
the orientation of each hyperplane, Bij € R"
are constants determining the distance of each
hyperplane from the origin.

m-dimensional real and complex hyperplanes in
C" (see[1]). Now suppose we are given k < 2nvectors
a* ¢ C" that are linearly independent over R; the set
of points z ¢ C" that satisfies the following system
of k real equations

Re(z,a") = B, nw=1,...,k 2)

is known as a real plane of codimension k, or
a plane of dimension m = 2n — k (for k = 2n,
this is a point). Since k represents the number of
independent constraints imposed on the system,
the resulting dimension m effectively reflects the
degrees of freedom remaining for the points on the
plane.

If the vectors a* are instead linearly independent
over C (thus requiring k < n, as k cannot exceed
the dimension of the complex space), then the set
described by the system of complex equations

(z,a") = by, nw=1,...,k 3)
is called a complex plane of codimension k or
dimension m = n — k. It follows that such a
plane is determined by both the complex constraints
imposed by a* and the specific values by.. Since this
system can be rewritten as 2k real linear equations
Re(z,a") = Reb,, Re(z,ia") = Im b and the vectors
a* and ia* (n = 1,...,k) are linearly independent
over R, then this is a plane of real codimension 2k.

Building on the foundational concepts of R"
and C" spaces, we now present the main result
of this study. The following theorem shows the
relationship between m-dimensional hyperplanes
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of R" and C", where R} c C" = R} + iR} (z = x +iy).

Analysis and results

Theorem. In the space C", a real m-dimensional
hyperplane 1T in R} < C" is contained within a
unique m-dimensional complex hyperplane.

Proof. Let TT be a real m-dimensional plane
(dimTm = m) in RY. The given m-dimensional
real plane is defined by the following system of
equations:

Q11X1 + A1pXp + -+ + AypXn = By,

Az1X1 + AxpXp + -+ + dypXn = B2,

(4)
am1X1 + AmaXz + - - - + AmnXn = Pm.

Here aj and Bjare real numbers (j =1,...,n —m).

We are given the complex space which can be
written as C" = R} + iR}, where an m-dimensional
complex plane dimTl® = m is given. Let this
complex plane be defined by the following system of

equations:

C11Z1 + C1225 + -+ + C1nZn = V1,

C21Z1 + €325 +--- + CapnZn = Y2,

(5)
Cm1Z1 + Cm2Z2 + -+ CmnZn = Ym.

Here c;; and yjare complex numbers (j=1,...,n—
m).

Systems (4) and (5) can be written in the
following form:

AjyXg + AjpXp + - + QjpXn = Bj,

lei'l + Cj222 +..-+ CjnZn = ’Yj,

wherej =1, n—m.

Re(cjlle *CpZo* ot cjnZn) = Rey;
is equivalent to

ajlxl + aj2X2 +.--+ aann = B]



according to the construction of the space C".

Re{i (A J =Re [ i calx, +iv,) ] = i (Re € —Im cﬁyk] =Rey,
= =i

k=1

n

> (Rec,x, —Imc,y, ) =Rey,

=1
]\a”xl X, ot aux, =

gt J

to ensure that this equation is consistent, we need
to equate the corresponding coefficients. For this,
Recjk = Gy, Imcjk =0 (k=1n,j=1n-—m)
conditions must hold.

Thus, Gjk = G is valid.

From this, we write the following equation:
ajlil + ajziz +..-+ ajnZn = Yj.
Here, zn = xn + iyn. Taking this into account:

Cljl(X1 +iyp) + ajz(Xz +iyy) + oo+ ajn(Xn +1iyn) = Y

n
jX1 + AjpXo -+ Gjpkn + iy QY = Vi)
k=1

n
Bj + iZajkyk =Yj- (6)

k=1

Consequently, (4) aligns with (5) as: In (6),
when considering the real part of the equation
iy R, agyy = 0, it follows that §; = v;, ensuring
the consistency of the equation. This proves that the
coefficients of (4) consist entirely of real numbers.

Examples of Complex Hyperplanes Containing
Real Planes in C3. The theorem states that any
real m-dimensional hyperplane in R} ¢ C"
is uniquely contained within an m-dimensional
complex hyperplane. In this section, we provide
explicit examples following the structure of the
theorem and its proof.

A real plane in R3 is given by the equation:
ai1Xq + dyXy + a3X3 = [5,

where aj and B are real numbers. For instance,
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consider:
X1+ 2Xy —X3 = 4.

This equation defines a two-dimensional real
hyperplane in R3.

We extend the equation by allowing X; to take
complex values, defining a complex hyperplane in
C3:

21+222—23:4

where zj = xj + iy are complex variables.
Expanding in terms of real and imaginary
components:

(Xq +iy1) +2(x3 +iy2) — (x3 +1y3) = 4.

Separating real and imaginary parts gives the
system:

- Realpart: x; +2x; — X3 = 4,

- Imaginary part: y; +2y, —y3=0.

Since the imaginary part is zero, this ensures the
given real plane is uniquely contained in the complex
hyperplane.

Conclusion

This paper examines a special case of the projections
of complex hyperplanes in C" space onto real
space. The obtained result plays an important role
in studying the relationships between complex
hyperplanes and real planes.
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